Received: January 19, 2000, Accepted: March 7, 2000

HYPER VERSION

Holography, singularities on orbifolds and 4D N = 2 SQCD

Oskar Pelc

Enrico Fermi Institute, University of Chicago 5640 S. Ellis Ave. Chicago, IL 60037, USA E-mail: oskar@theory.uchicago.edu

Abstract: Type-II string theory compactified on a Calabi-Yau manifold, with a singularity modeled by a hypersurface in an orbifold, is considered. In the limit of vanishing string coupling, one expects a non gravitational theory concentrated at the singularity. It is proposed that this theory is holographicly dual to a family of “non-critical” superstring vacua, generalizing a previous proposal for hypersurfaces in flat space. It is argued that a class of such singularities is relevant for the study of non-trivial IR fixed points that appear in the moduli space of four-dimensional N = 2 SQCD: SU(N_c) gauge theory with matter in the fundamental representation. This includes the origin in the moduli space of the SU(N_c) gauge theory with N_f = 2N_c fundamentals. The 4D IR fixed points are studied using the anti-holographic description and the results agree with information available from gauge theory.

Keywords: String Duality, Superstring Vacua, Brane Dynamics in Gauge Theories.

Contents

1. Introduction 1

2. The decoupling limit 3

3. A singularity on a hypersurface in an orbifold 6 3.1 The holographicly-dual pair 6 3.2 Aspects of the holographic relation 9 3.3 Four-dimensional theories 13

4. IR fixed points in 4D N = 2 SUSY gauge theories 17 4.1 Realization of SQCD in string theory 17 4.2 Interacting IR fixed points in the moduli space 18 4.3 Singular points in SYM 21 4.4 Singular points in SQCD 22

5. Summary 26

1. Introduction

Duality between theories that relates strong and weak coupling is an important tool in the study of strongly coupled systems. The holographic duality, discovered in the study of branes in string/M-theory [1] (for a review, see [2]), is such a duality. It relates the dynamics of a brane system, in a situation in which it decouples from the bulk dynamics, to string/M-theory with the background being the near-horizon geometry of that brane system.

A similar holographic relation was suggested in [3] (and studied further in [4, 5]). The system considered is type-II string theory on

R^{d−1,1} × X^{2n} , (1.1)

where X^{2n} is a singular Calabi-Yau manifold. In the limit of vanishing string coupling, the only non-trivial dynamics is of modes localized near the singularity, defining a d-dimensional theory without gravity. In [3], an “anti-holographic” formulation of this theory was proposed: type-II string theory in a background of the form

R^{d−1,1} × R_ϕ × N , (1.2) where R_ϕ corresponds to the radial direction (distance from the singularity) and the dilaton varies linearly along this direction. These vacua were first studied in [6] (for a review, see [7]); that they should exhibit holography, was argued in [8].^1 In the backgrounds studied in [3], the manifold X^{2n} in (1.1) is a hypersurface W (z_1, . . . , z_{n+1}) = 0 in flat space C^{n+1} and it has an isolated singular point. In the present work, this study of the holographic duality is extended to hypersurfaces in a supersymmetry-preserving orbifold C^{n+1} /Γ (where Γ is a finite group of unitary transformations).

For a large class of manifolds X^{2n}, the background (1.1) is T-dual to a configuration with NS5 branes, so the d-dimensional theory describes the decoupled dynamics of these branes. For d = 6, the T-duality leads to flat NS5 branes [11, 12, 13] (see also [14]) and the background (1.1) is the near-horizon geometry of these branes [15], R_ϕ being the radial direction. For d = 4, 2, one obtains a single NS5 brane wrapped on a manifold Σ [16] and the singular point in X^{2n} transforms to a singular point in Σ. In these cases, the background (1.2) is identified with the near-horizon geometry of this NS5 brane, in the singular region.

The dynamics of a type-IIA NS5 brane wrapped on a Riemann surface Σ is relevant for the study of the low energy dynamics of 4D N = 2 supersymmetric gauge theories. This was shown, by a chain of dualities, starting with a background where the gauge theory is seen perturbatively — either in heterotic string theory (as reviewed in [17]) or in brane configurations in type-IIA string theory (as reviewed in [18]). The surface Σ is then identified with the Seiberg-Witten (SW) curve [19, 20], which encodes information about the IR dynamics of the gauge theory.

Of particular interest are points in the moduli space, in which the dynamics remains non-trivial in the IR limit. They define interacting 4D N = 2 superconformal field theories (SCFT’s). These points correspond to singular SW curves. This suggests that such a SCFT is realized in string theory by a type IIA NS5 branes wrapped on a singular surface Σ and, by T-duality, in type-IIB string theory on R^{3,1} × X^6, with a singular X^6. The proposed holographic duality then provides an additional framework in which this SCFT can be studied. One family of such SCFT’s was identified [21] in SYM SU(N_c) gauge theory, at points in the moduli space with mutually-non-local massless dyons. These points are indeed realized by singular hypersurfaces in flat space and were considered, using the holographic duality, in [3]. Here this relation is extended to SQCD — SU(N_c) gauge theory with matter (“quarks”) in the fundamental representation. It is argued that when there are k massless quarks at the interacting IR SCFT, this theory is realized by a background with a singular hypersurface in a Z_k orbifold. The orbifold represents the near-horizon region of k KK monopoles, and their frozen 6D gauge symmetry pro-

1The relevance of a background with an R_ϕ factor as above to the dynamics at singularities in CY compactification was also suggested, from different points of view, in [9] and [10].

vides the global (“flavor”) symmetry of the 4D gauge theory. The non-trivial IR SCFT’s in the moduli space of SQCD were studied, using SW theory, in [22, 23]. Here these theories are studied using the proposed holographic duality. Specifically, by considering deformations from such a theory, one identifies vector superfields in it and obtains information about their dynamics. All the results agree with what is known from field-theoretic considerations. One family of these SCFT’s corresponds to the origin in the moduli space of SU(N_c) gauge theories with N_f = 2N_c massless quarks. These theories are continuously connected to a free theory (by varying the gauge coupling). The implications of this relation are compared to the results obtained from the holographic duality and, again, agreement is found.

The structure of this work is as follows: in the next section, the decoupling limit is reviewed (mostly following [3, 4]), both for singularities and for NS5 branes. The decoupled theory is defined and some general aspects of it are discussed. These aspects are then demonstrated in the case of hypersurface singularities. In section 3, a hypersurface singularity on an orbifold is considered. The holographicly-dual pair is identified and properties of the d-dimensional theory, as obtained from the dual formulations, are discussed. This information is used in section 4, where it is applied to specific cases. In section 4, we concentrate on configurations related to 4D N = 2 SQCD. The realization of this theory in string theory is reviewed, the antiholographic description is identified and used to study the gauge theory. The results of this work are summarized in section 5.

2. The decoupling limit

Consider type-II string theory on R^{d−1,1} × X̄^{2n} , where X̄^{2n} is a compact, n (complex) dimensional Calabi-Yau (CY) manifold, in the limit of vanishing string coupling g_s → 0. When X̄^{2n} is smooth, the dynamics is expected to becomes free in this limit. If, on the other hand, X̄^{2n} has a singular point s, one expects in the above limit a non-trivial dynamics^2 of modes localized near s. If s is “isolated”, i.e., has a smooth neighborhood, these modes will decouple from the other modes of the string theory, which are either localized at other singular points or propagate in the bulk of X̄^{2n}. In particular, they will decouple from gravity (which corresponds to bulk modes). Therefore, the decoupled dynamics of the modes localized on the singular point s is described by a d-dimensional theory without gravity. This theory is expected to have an anti-holographic description, as explained in the introduction, and it is the subject of the present investigation.

2Evidence for such a non-trivial dynamics is provided by the relation between geometrical singularities and NS5 branes, as described below.

To obtain a formulation of this theory, it will be useful to have a simpler definition of it. This is indeed possible: one can replace X̄^{2n} by a simpler, non-compact manifold X^{2n}, that shares with X̄^{2n} the same singular region S (i.e., the singular point s and its smooth neighborhood) and the decoupling implies that this change will have no effect on the decoupled dynamics in S. In fact, to define such a ddimensional theory, one can start directly with a non-compact manifold X^{2n}. This also allows one to consider singularities that cannot be embedded in a compact CY manifold.

A generalization of the above procedure was suggested in [4]: instead of considering the limit g_s → 0 with fixed X^{2n}, one can study a “double-scaling” limit, in which the CY manifold is also modified. For this, one considers a deformation X^{2n}_μ of the above singular manifold X^{2n}, parametrized by a deformation parameter μ. The double-scaling limit is g_s → 0 , μ → 0 , m = μ^r g_s = const. , (2.1)

where m is an appropriate ratio that corresponds to some physical quantity in the decoupled theory. The dependence of the limit on this ratio means, in particular, that the separate limits μ → 0 and g_s → 0 do not commute. The original procedure, with fixed X^{2n}, i.e., first taking μ → 0 and then g_s → 0, corresponds to m = 0, while the opposite order of limits corresponds to m = ∞.

There is another limit in which one obtains a theory without gravity which is localized on a singularity: the low energy limit El_s → 0, where l_s is the string length scale and E is the characteristic energy considered. This limit was used, for example, to study the low energy dynamics of 4D N = 2 supersymmetric gauge theories (see [17] for reviews). The above two limits are, in fact, two aspects of the same decoupling phenomenon: at fixed finite g_s, one obtains an approximate decoupling of bulk modes below some energy E_d, where E_dl_s depends on g_s (and the moduli of the CY manifold). This becomes an exact decoupling in the extreme IR. As g_s is decreased (with fixed l_s), E_d increases (e.g., the gravitational interaction becomes weaker, since the Planck length l_p ∼ g^{1/4}s l_s decreases) and at vanishing g_s, one obtains a decoupled theory at all energy scales.

The relation to NS5 branes. An important special case is when X^{2n} has a U(1) isometry (acting holomorphicly), and the space Σ of fixed points of this isometry is a (complex) sub-manifold of co-dimension 2. Performing T-duality along the U(1) isometry, one obtains [16] a configuration with an NS5 brane wrapped on Σ. Therefore, in this case, the d-dimensional theory defined above describes the decoupled dynamics of this NS5 brane. The simplest such case is a configuration of parallel KK monopoles. The transverse space (multi Taub-NUT space; n = 2) has a U(1) isometry, with fixed points at the location of the monopoles. T-duality along this isometry replaces each KK monopole by an NS5 brane at the same location [11, 12, 13] (see also [14]). When the NS5 branes coincide, one indeed expects, in the g_s → 0 limit, a non-trivial dynamics on these branes [24] (see also [25, 26, 27]). This is because they are dual to decoupled D5 branes, where one obtains, at low energy, a gauge theory with a non-vanishing gauge coupling.

When the KK monopoles are each at a different location, the geometry is smooth everywhere and, therefore, in the decoupling limit, g_s → 0, the dynamics is free. The above T-duality now implies that the decoupled dynamics of a single NS5 brane is free. It is natural to expect that the same remains true when the NS5 brane is wrapped on a smooth manifold. When Σ has a singularity, the same reasoning suggests that the non-trivial dynamics will be confined to the singular region.^3

The case of a hypersurface singularity. We close this section, by demonstrating some of the issues described above in the specific cases considered in [3, 4, 5] and the present work: singularities embedded in a non-compact hypersurface

W (z_1, . . . , z_{n+1}) = 0

in C^{n+1} , or an orbifold of C^{n+1} . The modes localized on the singularity include modes related to D-branes wrapped (fully or partially) on vanishing cycles. These define particles or extended objects in the d-dimensional theory. In the double scaling limit discussed in [4, 5], the quantity m held fixed (see eq. (2.1)) is (proportional to) the mass/tension of these objects (this is explained in subsection 3.1).

When W has the form W = H(z_1, . . . , z_{n−1}) + uv , X^{2n} has a U(1) isometry u → αu , v → v α , |α| = 1 and the space Σ of fixed points is^4 u = v = H = 0. If the hypersurface is in C^{n+1} , T-duality along the U(1) isometry gives [16] an NS5 brane wrapped on Σ (H = 0) in C^n . Similarly, if the hypersurface is in an orbifold C^{n−1} /Γ × C^2_{uv} , the same Tduality^5 will give an NS5 brane wrapped on Σ (H = 0) in C^{n−1} /Γ×C . In both cases, the singularity of X^{2n} leads to a corresponding singularity of Σ. As argued above, before the T-duality, the non-trivial part of the decoupled dynamics is confined to the singular region of X^{2n}. For the T-dual NS5 brane configuration, this means that

3The author is grateful to D. Kutasov for a discussion about this issue. 4For n = 2, this describes the configuration of parallel KK monopoles discussed above. 5In both cases, X^{2n} can be viewed as a fibration uv =const., the base being C^{n−1} or C^{n−1} /Γ, respectively (for uv ≠ 0, the fiber is C^∗ ). T-duality in the fiber leads to the above NS5 configurations.

its decoupled dynamics is localized in the neighborhood of the singularity at Σ, in agreement with the general expectations. The D branes wrapped on vanishing cycles in X^{2n} are dual to D-branes that end (have boundaries) on the NS5 brane in the singular region [16].

3. A singularity on a hypersurface in an orbifold

In this section, we consider the holographic duality (described in the introduction) for singularities modeled by a hypersurface in an orbifold. The holographicly-dual pair is identified in the first subsection. Then, properties of the decoupled theory, as obtained from both dual descriptions, are discussed, first for a general dimension d (in subsection 3.2) and then for d = 4 (in subsection 3.3). This serves both to check the proposed duality and as a preparation for the analysis in section 4.

3.1 The holographicly-dual pair

We start by reviewing the case with a hypersurface in flat space, considered in [3, 4, 5], and then introduce the orbifold.

A hypersurface in flat space. A large class of singular manifolds X^{2n} can be modeled by a hypersurface W (z_1, . . . , z_{n+1}) = 0

in C^{n+1} , with W a quasi-homogeneous polynomial, i.e., transforming as W → λW under z_a → λ^{ra} z_a , λ ∈ C , (3.1) for some positive (rational) “weights” r_a. The authors of [3] considered such a singularity which has the following additional properties:

• An isolated singularity (point-like; at z = 0); the condition for this is that the polynomial W is “transverse”

dW = 0 ⇔ z = 0 . (3.2)

• A singularity that appears at finite distance in the moduli space of (compact, smooth) CY manifolds; as shown in [28], the condition for this is r_Ω > 0, where

r_Ω = ∑ a r_a − 1 . (3.3)

It was proposed in [3] that the dynamics at the singularity in the decoupling limit is described by type-II string theory on

R^{d−1,1} × R_ϕ × U(1)_Y × LG_W , (3.4) where R_ϕ × U(1)_Y is the N = 2 Liouville theory and LG_W is the N = 2 Landau- Ginzburg (LG) model with the superpotential being the polynomial W . One way to understand this identification is as follows: to obtain better control on the model, one deforms X^{2n} to a smooth hypersurface X^{2n}_μ by changing W

W → W_μ = W + μV (3.5)

(where V is an appropriate quasi-homogeneous polynomial,^6 with weight r_V ). Next, this deformed hypersurface is embedded in a weighted projective space: C^{n+1} is embedded in W C P^{n+1}_{−rΩ,r1,...,rn+1} , by introducing an additional coordinate z_0, with a negative weight −r_Ω (where r_Ω is defined in eq. (3.3)); to embed X^{2n}_μ in this space, W_μ is made quasi-homogeneous, by an appropriate z_0 “dressing”:^7

W_μ → Ŵ_μ = W + μV̂ , V̂ = z^{(rV −1)/rΩ}_0 V . (3.6)

Now one argues, following [9, 11], that the SUSY NLσM on X^{2n}_μ is described, in the IR limit, by a LG model with the superpotential Ŵ_μ (eq. (3.6)).^{89} Finally, one identifies the z_0 CFT with N = 2 Liouville theory.^{10} This theory has a single chiral superfield ϕ̂. Denoting the (scalar) bottom component of ϕ̂ by ϕ + iY , the dilaton Φ is proportional to ϕ: Φ = − Q 2 ϕ , (3.7)

where Q is a positive parameter. Now, the identification is

z_0 = e^{Q2 ϕ̂} , Q = √ 2r_Ω . (3.8)

Recall that r_Ω was chosen to be positive (for the singularity to be at finite distance in the CY moduli space), and this is indeed required for the consistency of the above identification. Thus, combining these relations, one obtains the background (3.4).

6We assume quasi-homogeneity for simplicity. The arguments below generalize in a straightforward way to a general polynomial, which is of the form V = ∑ i V_i, where V_i are quasihomogeneous. Note that the z_0-dressing in eq. (3.6) will not be the same for all terms.

7Note that, to deform the singularity, V must dominate at z → 0. This means that r_V < 1, so the power of z_0 in (3.6) is negative!

8More precisely, this is an orbifold of the above LG model, with a projection on integral U(1) charges of the N=2 superconformal algebra. However, in the present context (of string theory on (3.4)), this orbifold is part of the GSO projection, so it can be ignored at this stage.

9In [3], this identification was obtained, for μ = 0, using an embedding in a gauged linear σ model, following [29].

10Strictly speaking, this is Liouville theory when V = 1, in which case, δŴ = μV̂ = μe^{−ϕ̂/Q} is the Liouville interaction. This is the case considered in [9, 11], and the z_0 CFT was identified there with the SL(2)/ U(1) coset SCFT (at level k = 1/r_Ω; see [11] for a review of the evidence for this identification). On the other hand, the analysis in [3] suggested the identification with Liouville theory, as described above. This led to a proposal [4] that these two theories are equivalent.

After obtaining the above identification, one may want to remove the deformation μV , returning to the original, singular, hypersurface X^{2n}. However, one finds that the worldsheet formulation of the string theory in the background (3.4) becomes singular. Indeed, the string coupling g_s is related to the dilaton: g_s = e^Φ, so eq. (3.7) implies that g_s diverges at ϕ → −∞. For μ = 0, the superpotential is independent of ϕ, so the region ϕ → −∞ is accessible and the perturbative expansion is singular. This singularity is a reflection [10, 11] of the existence of massless solitons: D-branes wrapped on the vanishing cycles at the singularity [30]. Therefore, to obtain a well-behaved perturbative description, it is necessary to make these solitons massive.

This is achieved by the double scaling limit (2.1), suggested in [4, 5]: the deformation discussed there was with V = 1 in eq. (3.5) and the quantity held fixed was the ratio m = μ^{rΩ} g_s (3.9)

(r = r_Ω in eq. (2.1)). To understand the meaning of m, one notes that X^{2n}_μ has holomorphic n-cycles that vanish for μ = 0. The volume V_C of such a cycle C is V_C = ∫ C Ω, where Ω is the holomorphic n-form on X^{2n}_μ . From the explicit expression for Ω Ω = dz_1 ∧ · · · ∧ dz_{n+1} dW , (3.10)

one finds that the weight of Ω under (3.1) is r_Ω, defined in eq. (3.3) (and assumed to be positive). This implies that V_C ∼ μ^{rΩ} and, therefore, the d-dimensional mass/tension of a D-brane wrapped on C is V_C /g_s ∼ m. Thus, in the double scaling limit with m ≠ 0, there are no massless solitons, so one can expect that the worldsheet formulation will be under control and indeed it is: the strong coupling region ϕ → −∞ is inaccessible, because of the deformed superpotential Ŵ that diverges there. Using the relation g_s = e^Φ, one can show that the theory depends on g_s and μ only through the ratio m defined in eq. (3.9) and it can be studied perturbatively, 1/m being the string loop expansion parameter.

The orbifold. Considering the above scenario, let Γ be a finite subgroup of SU(n+ 1) which commutes with (3.1) (i.e., mixes only coordinates with the same weight) and leaves the polynomial W invariant. The equation W = 0 is, therefore, well defined in the orbifold C^{n+1} /Γ, and it defines there a hypersurface X^{2n}, with an isolated singularity at z = 0. We are interested in the d-dimensional theory describing the decoupled dynamics near this singularity. Note that the singular point z = 0 of X^{2n} is at the orbifold singularity, which is what is needed for the decoupled theory to be affected by the orbifold. To obtain an anti-holographic formulation of this theory, we replace the LG_W factor in the background (3.4) by the orbifold LG_W /Γ. Note that Γ defines a symmetry group of LG_W (acting trivially on the supercharges), so one can orbifold by it. We, therefore, propose (generalizing [3]) that the following theories are two formulations of the same d-dimensional theory:

• geometric formulation: string theory on

R^{d−1,1} × X^{2n} , (3.11)

in the decoupling limit (as described in section 2);

• worldsheet formulation: string theory on

R^{d−1,1} × R_ϕ × U(1)_Y × LG_W /Γ . (3.12)

3.2 Aspects of the holographic relation

In this and the next subsections, properties of the decoupled d-dimensional theory are identified in the worldsheet formulation. This will be used, in the next section, to analyze specific four-dimensional theories. Some aspects of this identification depend only on the R^{d−1,1} × R_ϕ × U(1)_Y factor of the background (3.12), while the factor LG_W /Γ could be replaced by any 2D (2, 2) SCFT. These aspects are, therefore, naturally the same here as in the unorbifolded case, discussed in [3]. Other aspects depend also on properties of the LG_W /Γ factor and, accordingly, on the correct identification of the d dimensional theory. As in [3], these aspects are compared to the information available from the geometric formulation and agreement is found, providing evidence for the duality. The results and their implications are summarized in section 5.

Space-time supersymmetry. We start with supersymmetry, showing that in both formulations there are 2^{d/2+1} preserved space-time supercharges.

In the worldsheet formulation, the orbifold action in LG_W was chosen to commute with the supercharges and the transformation (3.1) so, in the IR CFT, it commutes with the full (2, 2) superconformal algebra (in which one of the U(1) Rsymmetries is identified with (3.1)). Therefore, the CFT (3.12) has (2, 2) supersymmetry and, as in any such situation, one can construct the space-time supercharges using the U(1) currents of the superconformal algebra. This leads, as before orbifolding (see [3] for more details), to 2^{d/2+1} space-time supercharges. The unimodularity of the elements of Γ (det(g) = 1, ∀g ∈ Γ) insures that, for an appropriate choice of the orbifold action,^{11} the space-time supercharges are Γ-invariant.

In the geometric formulation, before orbifolding there were 2^{d/2+1} supercharges (as in any CY compactification), so it remains to check the effect of the orbifold. The supercharges are related to the holomorphic n-form Ω on X^{2n}: indeed, Ω can be written in terms of a covariantly constant spinor η on X^{2n} as Ω_{i1...in} = η^tΓ_{i1...in} η, so the

11See [31] for more details (in the notation there, the choice is (−1)^{Kg} = det(g)).

orbifold actions on Ω and on the supercharges are related. Using the explicit expression (3.10) for Ω, one finds that Ω is Γ-invariant: both numerator and denominator are invariant (the first invariance follows from the unimodularity of the elements of Γ). Therefore, the orbifold can have at most a Z_2 action on the supercharges. This Z_2-ambiguity has the following meaning: the supercharges appear quadratically in the supersymmetry algebra, so with a given Γ-action on the bosonic coordinates, its action on the supercharges always has a Z_2 ambiguity. The invariance of Ω means that one can choose the Γ-action on the supercharges to be trivial and, with this choice, the orbifold does not break supersymmetry.^{12}

Deformations preserving the space-time supersymmetry. Next we discuss SUSY-preserving deformations.

Consider, for example, a deformation of the polynomial W : δW = μV (where V is a quasi homogeneous polynomial, with weight r_V ; as in eq. (3.5)). In the geometric formulation, it induces a change in the manifold X^{2n} and, therefore, also in the corresponding decoupled theory. More specifically, the coefficient (modulus) μ parametrizes a change in the complex structure of X^{2n}, a deformation that does not break supersymmetry. In the worldsheet formulation, a change in W induces a change in the superpotential: δŴ = μV̂ , as in eq. (3.6). This means that one adds to the worldsheet lagrangian a top component of a chiral-chiral superfield (of the worldsheet N = 2 SCFT). The z_0 dressing insures that this operator has dimension Δ = Δ̃ = 1. Such a change in the lagrangian preserves the worldsheet superconformal symmetry [32] and, therefore, defines a (truly) marginal perturbation, parametrized by the coefficient (coupling) μ, which preserves the space-time supersymmetry.

This can be generalized for any chiral-chiral primary operator V in the LG_W /Γ factor with equal left and right U(1) charges f_V = f̃_V . V can be “dressed” by the Liouville fields:

V̂ = e^{β(ϕ+iY )}V . (3.13)

This is a chiral-chiral primary of the worldsheet N = 2 SCFT, which is the bottom component of a chiral-chiral superfield (we denote both by the same symbol V̂ ). The U(1) charge of V̂ (both left and right) is f_V − βQ and, to obtain a marginal deformation, as described above, one chooses β to set this charge to 1: β = f_V − 1 Q . (3.14)

This defines a map from the ring of chiral-chiral primary operators (the (c, c) ring) in the LG_W /Γ factor, to SUSY-preserving changes in the decoupled theory.

Before orbifolding, the (c, c) ring in LG_W is spanned by quasi homogeneous polynomials V (z_a), identified modulo ∂_aW . Their U(1) charges f_V , f̃_V are equal and

12This choice is the space-time analog of the choice made in the worldsheet formulation (see footnote 11).

coincide with the weight r_V of V under (3.1). In the geometric formulation, the corresponding deformation was identified in [3] with a deformation of the complex structure in X^{2n}, as described above. The orbifold projection truncates this set of deformations in the same way in both the worldsheet and geometric formulations, by restricting the polynomials V to be Γ-invariant. This can be viewed as further evidence for both the holographic relation and the geometric identification of these deformations. Additional (c, c) operators appear in twisted sectors of the orbifold. The corresponding deformations in the d-dimensional theory are related to its influence by the orbifold singularity. This will be seen in specific examples in the next section.

Couplings vs. moduli. In the previous paragraph, possible deformations of the ddimensional theory were discussed, as viewed in its two formulations. The parameter μ parametrizing such a deformation can be either

• a coupling: parametrizing a change in the theory (e.g., a coefficient of a term in the action); or

• a modulus: parametrizing a change in the vacuum (e.g., a vacuum expectation value (vev)).

In the holographic duality with AdS vacua (for a review, see [2]), considered in the framework of semi-classical supergravity, the distinction between couplings and moduli is related to the behavior of the corresponding bulk fields near the boundary: non normalizable modes are related to couplings in the boundary theory [33, 34] while normalizable modes are related to vevs in the boundary [35, 36] (see also [37]). It is natural to expect the same distinction in the present holographic duality.^{13} Here, the “boundary” is at ϕ → ∞ and, for a deformation defined by a vertex operator V̂ , the deformation parameter μ is identified as a coupling iff the corresponding wave function is non-normalizable at ϕ → ∞. For the vertex operators (3.13), this implies that for β > − Q 2 , (3.15)

μ is a coupling and for β < −Q/2, it is a modulus.^{14} The case β = −Q/2 is more delicate and will be discussed below. The bound (3.15) appears also when the string theory on (3.12) is viewed as a 2D CFT coupled to quantum gravity. In that context, (3.15) is the condition for the operator (3.13) to exist as a local operator in the theory (see [38] for more details).

13The relation to AdS_{d+1} vacua can be made more concrete in the d = 2 case, by using the correspondence, described in [3], between AdS_3 vacua and R^{1,1} × R_ϕ vacua.

14To obtain these conditions, one notes that the vertex operator V̂ is related to the wavefunction Ψ by V̂ = g_sΨ, where g_s = e^Φ = e^{− Q2 ϕ}.

Using eqs. (3.14) and (3.8), one obtains that for

f_V > 1 − r_Ω , (3.16)

μ is a coupling and for f_V < 1 − r_Ω , (3.17)

it is a modulus. This applies, in particular, to the deformations of the polynomial W : δW = μV . For these deformations, the distinction between couplings and moduli was investigated in the geometric formulation in [28] (see also [39]). In this approach, a coupling is a 10D mode whose d-dimensional kinetic energy diverges and, consequently, its fluctuations are “frozen”. For r_V ≠ 1 − r_Ω, this criterion led to the same conditions on r_V as above, namely, the conditions (3.16), (3.17) with f_V = r_V . The deformation with r_V = 1 − r_Ω is found to be a coupling. It is interesting to note that also in this approach, μ was identified as a non-fluctuating coupling when the perturbation was supported (in some sense) far from the singularity (which is indeed identified here with ϕ → ∞). The manifold considered in [28] was a hypersurface in flat space. However, the aspects analyzed were convergence of certain integrals, and these aspects are not influenced by a finite group of identifications. Therefore, the results of [28] apply also to the present case.

R-symmetry. In the worldsheet formulation, the scalar Y is free, and this leads to two U(1) symmetries, with the following conserved charges R = i 2 Q ∮ ∂Y , R̃ = i 2 Q ∮ ¯∂Y . (3.18)

The space-time supercharges are charged under these symmetries, (see [3] for details), so these are R-symmetries. Defining the linear combinations

R_± = R ± R̃ , (3.19)

all supercharges have charge |R_±| = 1. For the deformations defined by V̂ in eq. (3.13), R = R̃, so

R_−(μ) = 0 , R_+(μ) = −R_+(V̂ ) = −2R(V̂ ) = − 4β Q = 2 1 − f_V r_Ω

(3.20)

(using eqs. (3.13), (3.14) and (3.8) and the fact that the worldsheet action is invariant). Combining eqs. (3.16), (3.17) and (3.20), one obtains that μ is a coupling when R_+(μ) < 2 and a modulus when R_+(μ) > 2.

In the geometric formulation, the transformation (3.1) with |λ| = 1 is an isometry of X^{2n} and, therefore, induces a U(1) symmetry in the corresponding theory. To identify its action on supercharges, one considers again the holomorphic n-form Ω. From eq. (3.10) one finds that the weight of Ω under (3.1) is r_Ω, defined in eq. (3.3), and the fact that it is non-zero means that the above U(1) symmetry is an Rsymmetry. With a normalization in which the supercharges have U(1) charge ±1, the R-charge R^′_+ is related to the weight r by

R^′_+ = 2 r r_Ω . It was suggested in [3] that R^′_+ should be identified with R_+. This was checked by verifying that, for deformations of W : δW = μV (where f_V = r_V ), the geometric formulation indeed gives the same R-charge as obtained in eq. (3.20):

R^′_+(μ) = 2 r_μ r_Ω = 2 1 − r_V r_Ω

(3.21)

(where the last equality follows from the fact that the polynomial W has weight r_W = 1).

3.3 Four-dimensional theories

We move now to a closer look at the case d = 4. The number of supercharges is 8, corresponding to N = 2 supersymmetry in four dimensions.

Coupling-moduli pairing. The (c, c) ring of the LG_W /Γ CFT has a Z_2 “reflection” symmetry, relating operators with U(1) charges f and ĉ − f, where 3ĉ is the central charge of the CFT:

ĉ = ∑ a (1 − 2r_a) = (n − 1) − 2r_Ω . (3.22)

To identify this symmetry, one uses two bijective relations between the (c, c) ring and the (a, a) ring — the ring of antichiral-antichiral primary operators. One relation is charge conjugation and the other is obtained using the spectral flow of the N = 2 superconformal algebra (the existence of this second relation is a consequence of the unimodularity of the elements of Γ [31]). Combining these two, one obtains a bijection in the (c, c) ring. As to the U(1) charge, starting with a (c, c) operator with charge f, complex conjugation gives an (a, a) operator with charge −f and then the spectral flow, gives a (c, c) operator with charge ĉ − f.

This reflection symmetry is not specific to models related to four-dimensional singularities. However, its significance is enhanced for d = 4, as we now explain. In this case, ĉ = 2(1−r_Ω) (using eq. (3.22) with n = 3). Comparing to the bounds (3.16) and (3.17), one can see that, for operators with f ≠ ĉ/2, the reflection symmetry induces a pairing between coupling deformations and moduli deformations. This pairing has a natural interpretation in the 4D theory (as was also observed independently in [39]). The deformations defined by (c, c) operators are related, in the 4D theory to scalars in vector superfields. When the deformation parameter μ is a coupling with R_+(μ) < 2, it corresponds to adding a top component A_t of a vector superfield A to the prepotential (with μ as a coefficient), while if it is a modulus with R_+(μ) > 2, the change is in the vev of a bottom component A_b of a vector superfield A. Thus, each vector superfield A in the 4D theory defines two deformations - one coupling and one modulus — and it is natural to identify these pairs with the pairs seen in the worldsheet formulation.

Evidence for this identification is obtained by considering R-charges. The 4D N = 2 supersymmetry algebra has a U(1)×SU(2) R symmetry group. In the previous subsections, a U(1)_+ × U(1)_− R-symmetry group was found (with charges (3.18). To identify the relation between these two groups, one notes that the scalars in vector superfields are neutral under the SU(2) factor of the R-symmetry and charged under the U(1) factor. The charges found in subsection 3.2 (eq. (3.20)) imply that R_+ should be identified with the U(1) factor and R_− with a U(1) subgroup of the SU(2) factor. Now, considering a pair μ_c, μ_m of deformation parameters, related by the reflection symmetry described above, one finds in both approaches that the sum of their R-charges is four, providing evidence for their correspondence to the same vector superfield A. In the worldsheet formulation this follows from eq. (3.20), while in the 4D field theory this follows from:^{15}

R_+(μ_m) = R_+(A_b) , R_+(μ_c) = −R_+(A_t) = −[R_+(A_b) − 4] . (3.23)

IR conformal dimensions and unitarity. In the extreme IR limit, one obtains an N = 2 superconformal field theory. The 4D N = 2 superconformal algebra (SCA) includes a U(1)×SU(2) R-symmetry and implies a relation between the R-symmetry quantum numbers of an operator and its conformal dimension [40]. In particular, the bottom component of a vector superfield is a chiral primary field of the SCA, a scalar of the SU(2) R-symmetry and a Lorentz scalar. For such a field, the conformal dimension is D =^1_2 R^{′′}_+, where R^{′′}_+ is the charge of the U(1) R-symmetry. Identifying R^{′′}_+ with the charge R_+ (3.19),^{16} one can determine the conformal dimensions of the 4D vector superfield related to a deformation defined by a worldsheet (c, c) operator V : if μ = μ_c is a coupling with R_+(μ) < 2,

D(A_b) = 1 2 R_+(A_b) = 1 2 [R_+(A_t) + 4] = 1 2 [−R_+(μ_c) + 4] = f_V − 1

r_Ω

+ 2 (3.24)

and if μ = μ_m is a modulus with R_+(μ) > 2,

D(A_b) = 1 2 R_+(A_b) = 1 2 R_+(μ_m) = 1 − f_V r_Ω

, (3.25)

(where, in the last stage, we used (3.20)).

15The U(1) factor of the R-symmetry is defined only up to a shift by a U(1) symmetry that commutes with the supercharges. However, the relations (3.23) are invariant under such a shift, so they indeed provide evidence for the proposed interpretation of the pair of deformations.

16This identification will be discussed further at the end of this section.

As observed in [3], the bound (3.16) for deformations that are couplings gives, when substituted in (3.24)), D(A_b) > 1, which is (almost; see below) the unitarity bound on the conformal dimension of A_b. The same is true for deformations that are moduli: the bound is (3.17) and when it is substituted in (3.25)), it also gives^{17} D(A_b) > 1.

Deformations with R_+(μ) = 2. So far, we only discussed the identification, in the 4D theory, of deformations with R_+(μ) ≠ 2. We turn now to those with R_+(μ) = 2. The precise unitarity bound is D(A_b) ≥ 1 so, for R_+(μ) = 2, it allows both possibilities — a coupling and a modulus. In either case, this leads to the identification of a vector superfield A with D(A_b) = 1. The SCA implies that such a superfield is free. The geometric formulation suggests [28] that μ is a coupling (as described in the previous subsection) so its natural interpretation would be as that for R_+(μ) < 2: a coefficient of a term A in the superpotential. However, as observed in [22] (using D(A) = 1 and the SCA), the corresponding contribution to the lagrangian is a total derivative and, therefore, has no effect. Instead, we propose, following [22], that in this case, μ corresponds to a vev (of a bottom component) of a vector superfield A with the following properties:

• A is frozen in the IR limit, i.e., its kinetic energy diverges in this limit;

• A couples to a conserved current which is non-trivial in the IR SCFT, i.e., the corresponding symmetry, which becomes a global symmetry in the IR, acts non-trivially in this SCFT.

The simplest realization of such a situation is N = 2 SQED: a single vector multiplet (leading to a U(1) gauge theory) with a charged massless hypermultiplet. Because of the non-trivial charge, the gauge coupling vanishes in the IR limit, leading to a divergent kinetic energy.

According to the above proposal, μ is a coupling in the IR SCFT, in agreement with the analysis in the geometric formulation. However, it originates from a modulus. Moreover, it may become a modulus also in the IR, upon deformation: for example, in SQED, deforming the theory by giving a vev μ to (the bottom component of) the vector superfield leads to a massive hypermultiplet. In the deformed theory, the gauge coupling does not vanish in the IR and, consequently μ remains a vev of a fluctuating (although free) field. This mixed nature of μ is, in fact, suggested also by the ϕ dressing in the worldsheet formulation, as described in the previous subsection. For β > −Q/2, the wave function is exponentially supported at ϕ → ∞ and vanishes at ϕ → −∞, while for β < −Q/2, the situation is reversed. The present case corresponds to β = −Q/2 and it is special in having support at both regions.

17This was observed independently also in [39].

The above identification also leads to the correct conformal dimension for μ. This can be argued as follows [22]: since a conserved charge is dimensionless, the corresponding conserved current has dimension three, so the vector field coupling to it has dimension one; the SCA now implies that the bottom component of the corresponding superfield has also dimension one. We end with some comments:

• The dimension of the parameter μ is, by definition, D(μ) = D(A_b) if it is a modulus; and D(μ) = 4 − D(A_t) if it is a coupling. In both cases, this gives D(μ) = 1 2 R_+(μ) , (3.26)

therefore,

μ is a coupling ⇐⇒ D(μ) ≤ 1 .

• As explained above, a free vector superfield A (with D(A) = 1) leads only to a single deformation of the theory. In the worldsheet formulation this means that one should not expect to identify, in the LG_W /Γ CFT, a pairing between (c, c) operators with charge f = ĉ. Indeed, one finds that the number of such operators is not always even.

• It was suggested in [22] that a coupling μ with D(μ) < 1 can also be identified with a vev of a vector superfield B that, in the IR limit, is frozen but dues not couple to a non-trivial conserved current. Such a superfield would couple to the SCFT through a term AB/Λ^δ in the prepotential, where A is an interacting vector superfield in the SCFT and Λ is some scale in the underlying theory (note that δ = D(A)−1 > 0, so this is an irrelevant interaction). The parameter μ is then identified as μ = ⟨B_b⟩ /Λ^δ. With this identification, all the deformations are identified with vevs of vector superfields: interacting for D(μ) > 1 and frozen for D(μ) ≤ 0.

Relevance. There is another property of the deformation that can be deduced from the dimension D of the deformation parameter μ: relevance. Marginal deformations correspond to D(μ) = 0, relevant deformations — to D(μ) > 0 and irrelevant — to D(μ) < 0. This distinction can also be identified in the worldsheet formulation:^{18} as described in the introduction, the coordinate ϕ parametrizes the distance from the singularity. As in the holographic dualities with AdS vacua, radial motion in the near-horizon geometry corresponds, in the decoupled theory, to RG flow [41] (see

18In the geometric formulation, for deformations δW = μV , relevance means dominance of V at z → 0: for a relevant deformation (D(μ) > 0), r_V < 1 (see eq. (3.21)), so V dominates over W at z → 0 and makes a macroscopic change in the singularity; for a marginal deformation (D(μ) = 0), μ parametrizes a continuous change of the singularity; and for an irrelevant deformation, V is negligible at z → 0 and has no effect on the singularity.

also [42, 43]): large distances (ϕ → ∞) correspond to high energies (UV) and small distances (ϕ → −∞) — to low energies (UV). Therefore, a vertex operator (3.13) with β < 0 defines a perturbation that increases in the IR — a relevant perturbation. Similarly, β < 0 corresponds to an irrelevant perturbation and β = 0, to a marginal one. Since D(μ) = − 2β Q (see eqs. (3.26) and (3.20)), these two approaches to identify relevance give the same result.

To summarize, we have made the identification R^{′′}_+ = R_+ and it was used to reproduce, using the worldsheet formulation, two bounds in the decoupled IR theory: the unitarity bound and relevance. The supercharges indeed satisfy R^{′′}_+ = R_+, so the non-trivial content of this identification is the charge of the vector superfields (which are the only superfields discussed in this work). Any one of the bounds could be used to deduce this equality. Then, the agreement in all other aspects, as described above, serves as additional evidence for the proposed holographic relation.

4. IR fixed points in 4D N = 2 SUSY gauge theories

In this section, we restrict attention to configurations relevant for the study of 4D N = 2 supersymmetric gauge theories. Specifically, we consider SQCD: SU(N_c) gauge theory with N_f hypermultiplets (“quarks”) in the fundamental representation of the gauge group.

4.1 Realization of SQCD in string theory

4D N = 2 SQCD can be realized in string theory as follows (for a review, see [18]): one considers type-IIA string theory with the following brane configuration: all branes are extended in the (0123) direction; there are two NS5 branes which are also extended in (45), and N_f D6 branes which are also extended in (789); finally, there are D4 branes extended also in the (6) direction over finite intervals, ending on the other branes. When there are N_c coinciding D4 branes extending between the two NS5 branes, the low-energy dynamics of the D4 branes is described by 4D N = 2 SQCD, as defined above [44]. The vector multiplets correspond to open strings between the D4 branes, and the hypermultiplets correspond to open strings between the D4 branes and the D6 branes. The dynamics of the NS5 and D6 branes is considered “frozen” in the 4D theory, since these branes have infinite extension in the “internal” directions. In particular, the U(k) global (“flavor”) symmetry is the frozen gauge symmetry of the D6 branes. The relative location of these branes determines the parameters of the gauge theory. In particular, the (45) locations of the D6 branes determine the mass parameters of the hypermultiplets. In a given NS5-D6 configuration, the possible locations of the D4 branes (consistent with supersymmetry) parametrize the moduli space of the gauge theory. In particular, distributing the D4 branes in the (45) directions (along the NS5 branes), corresponds to the Coulomb branch, parametrized by vacuum expectation values for the scalars in the vector multiplets.

Lifting this configuration to M-theory [45], the D6 branes are identified as KK monopoles, corresponding to a non-trivial 4D transverse space M (including the directions (456)) — the multi Taub-NUT space [46]. One of the complex structures of M is that of a hypersurface zw = Q(x) (4.1) in C^3 , where Q(x) is a polynomial of degree N_f with the coefficients related to the mass parameters of the hypermultiplets. In configurations corresponding to the Coulomb branch of the gauge theory, the NS5 and D4 branes combine to a single M5 brane, wrapped on a 2D Riemann surface Σ, embedded holomorphicly in M. This surface is identified with the Seiberg-Witten (SW) curve of the gauge theory [19, 20].^{19} In the representation (4.1) of M, Σ is the curve H = 0, where^{20}

H = z + gw − 2P (x) . (4.2)

Here g is a function of the gauge coupling and P (x) is a polynomial of degree N_c, with the coefficients being the moduli of the Coulomb branch.

Compactifying the (7) direction, one obtains back type-IIA string theory, this time with N_f KK monopoles — corresponding to the space R^{3,1} × C × M — and an NS5 brane extended in R^{3,1} and wrapped on Σ. This is a situation of the type considered in the introduction.

Naively, the above relations seem to suggest that the decoupled dynamics on this NS5 brane is described by N = 2 SQCD. This is not quite so, because the second description is valid in a range of parameters (of string theory) which is different from that in which the gauge theory was identified in the first configuration. However, there is evidence that some aspects of the low energy dynamics ,including those studied below, are not sensitive to the above changes and, therefore, are shared by the gauge theory and the dynamics of the NS5 brane. Moreover, there is another chain of dualities relating gauge theories (realized this time in heterotic string theory) and the dynamics of NS5 branes in the same sense as above (see [17] for reviews).

4.2 Interacting IR fixed points in the moduli space In most of the vacua in the Coulomb branch of N = 2 SQCD, the massless fields are vector superfields corresponding to an abelian gauge symmetry and, possibly,

19This curve was determined, using field-theoretic considerations, in [19, 47, 48] (for pure SU(N_c) SYM) and [20, 49, 50] (for SQCD).

20Substituting w = Q(x)/z and z = y + P (x) in H = 0, one obtains the familiar form

y^2 = P (x)^2 − gQ(x) .

additional electrically-charged hypermultiplets. In these vacua, the dynamics is free in the IR. However, there are vacua with additional massless fields, for which the IR dynamics is non-trivial, defining an interacting superconformal field theory (SCFT). This is the case for SQCD with N_f = 2N_c massless quarks, at the origin of the Coulomb branch, where the additional massless fields can be identified, at weak coupling, as vector superfields, enhancing the gauge symmetry to a non-abelian group. Other non-trivial SCFT’s are obtained at points in the Coulomb branch in which mutually non-local hypermultiplets become massless [21]

All these vacua correspond to a SW curve Σ with an isolated singularity so, in the stringy realization, there is an NS5 brane wrapped on a surface Σ with an isolated singularity. As explained in section 2, the only part of the configuration that is relevant for the decoupled dynamics on the NS5 brane is the neighborhood of the singular point. This implies that the relevant KK monopoles are those that are at the singularity. With the singular point in Σ being at x = 0, Q(x) in (4.1) can be represented by Q(x) = x^k (k ≤ N_f ), corresponding to k coinciding monopoles; in the gauge theory this corresponds to k massless quarks. For the same reason, only the region near the center of the KK monopoles is relevant and there the geometry is that of an orbifold C^2 /Z_k. This orbifold can be parametrized by two flat coordinates z^′, w^′, subject to the identification z^′ → αz^′ , w^′ → w^′ α , α = e^{2πi/k} , (4.3) and the coordinates z, w, x in (4.1) are Z_k-invariant functions of z^′, w^′:

z = z^{′k} , w = w^{′k} , x = z^′w^′ . (4.4)

To summarize, we can consider type-IIA string theory on R^{3,1} × C^2_z′_w′ /Z_k × C with an NS5 brane on R^4 × Σ, where Σ is the 2D surface H(z, w, x) = 0 in C^2_z′_w′ /Z_k. This has, as a dual description (see footnote 5), type-IIB string theory on R^{3,1} × X^6, where X^6 is a hypersurface W = 0 in C^2_z′_w′ /Z_k × C^2_{uv} , with the Z_k action (4.3) and the polynomial W = H(z, w, x) + uv . (4.5) The surface Σ (H = 0) has an isolated singularity at the origin and, therefore, so does X^6 (W = 0). For a quasi-homogeneous H, this looks like a configuration of the type considered in the previous section (with d = 4, n = 3 and Γ = Z_k). Actually, there is a slight difference in the configurations but, as we shall argue below, it is irrelevant for the study of the 4D gauge theory. The difference is the following: the orbifold considered in the previous section has a non-singular worldsheet description and leads here to a U(1)^k 6D gauge symmetry. In the present construction, one has in mind an orbifold with an enhanced U(k) gauge symmetry, the extra massless states being related (in the type-IIA picture) to D2 branes wrapped on the vanishing cycles. The difference in the backgrounds is that in the first one there is a non-vanishing B-field, leading to non-vanishing masses for the above wrapped D2 branes [51]. However, in the present context, i.e., concentrating on the 4D dynamics, the 6D gauge symmetry on the orbifold is considered frozen anyway, therefore, it is reasonable to expect that the above difference in the 6D dynamics has no effect on the 4D theory. Therefore, one can identify the present configuration as one of those considered in the previous section.

Study of the interacting SCFT’s. Using the above identification, one can use the anti-holographic description proposed in section 3 to obtain information about the interacting 4D SCFT’s. The general idea is to study deformations of the theory and through them, to identify operators in it and to obtain information about their dynamics. We concentrate, as in section 3, on SUSY-preserving deformations, defined in the worldsheet formulation by (c, c) operators of the LG_W /Z_k CFT. As described in subsection 3.3, these are related to vector superfields in the 4D theory and this relation depends on the dimension D =^1_2 R_+ of the corresponding deformation parameter μ, as summarized below:

• D(μ) > 1: μ ∼ ⟨A_b⟩, where A_b is the bottom component of a superfield A, whose dimension is D(A_b) = D(μ); the dimension D > 1 indicates that this superfield is involved in a non-trivial interaction;

• D(μ) = 1: μ ∼ ⟨B_b⟩, where B_b is the bottom component of a superfield B which, in the IR, is frozen but couples to a non-trivial conserved current;

• D(μ) < 1: the deformation is a change ∼ μA in the prepotential of the 4D SCFT, where A is an interacting vector superfield of dimension D(A) = 2 − D(μ) > 1; μ is, possibly, related to a vev μ ∼ ⟨B⟩ /Λ^δ of a free superfield B, which does not couple to a conserved current in the IR SCFT and its only interaction with this theory is through an irrelevant term AB/Λ^δ in the superpotential (where Λ is a scale in the underlying 4D theory and δ = 1−D(μ) > 0).

The deformations with D(μ) ≠ 1 are expected to appear in pairs (μ_m, μ_c), each pair corresponding to an interacting vector superfield A, with the conformal dimensions related by D(A) = D(μ_m) = 2 − D(μ_c) . (4.6)

Some of this analysis can be performed directly in the gauge theory. Indeed, for a deformation of the polynomial W , the dimension of the deformation parameter can be obtained from eq. (3.21): D(μ) = 1 2 R^′_+(μ) = r_μ r_Ω = 1 − r_V r_Ω

, (4.7)

thus using only geometric information about X^6: the polynomial W and the Rcharge of the holomorphic 3-form Ω. This information can be translated to purely gauge-theoretical data: the deformations of W (4.5) are the deformations of the SW curve and the SW differential can be expressed as an integral over the holomorphic 3-form Ω [16], so they have the same R-charge. Therefore, one can use the SW theory to find dimensions of deformation parameters. This was indeed done in [21, 22, 23]. However, the parametrization of the SW curve is not unique: for example, the polynomials P (x) and Q(x) could be parametrized either by their coefficients or by their roots, leading to a different set of conformal dimensions. The embedding in string theory and the explicit worldsheet formulation fixes this ambiguity (by identifying the deformation parameters with coefficients of terms in the worldsheet lagrangian).^{21} This demonstrates the usefulness of the holographic relation for the study of these IR SCFT’s.

We now analyze several families of SCFT’s, using the worldsheet formulation and compare the results to information from field theory. Note that, in all cases, the superfields u, v in eq. (4.5) decouple (they are massive), so LG_W = LG_H .

4.3 Singular points in SYM For a singularity away from KK monopoles, one can set Q = 1 in eq. (4.1). These are the singularities appearing in pure N = 2 SU(N_c) SYM theories.^{22} In this case, g in eq. (4.2) can be rescaled to 1 (by rescaling the coordinates z, w, x and the parameters in P (x)). This is a reflection of the fact that the gauge coupling in the pure SYM theory is transmuted to a scale and is not a real parameter in the theory. The singularity appears for P −1 ∼ x^l (with 2 ≤ l ≤ N_c). The singular point is at z = w = 1, and expanding around it (with z = 1 + z̃), one obtains

H ∼ z̃^2 − 2(P − 1) ∼ z̃^2 − 2x^l . (4.8)

In the worldsheet formulation, the LG_H CFT is a minimal model. The (c, c) ring is spanned by V = x^{l−j} , j = 2, . . . , l . Applying eq. (3.3) to (4.5) and (4.8), one obtains r_Ω = 1/2 + 1/l, which gives [23, 3], for the spectrum of conformal dimensions (using eq. (4.7)):

r_μ = jr_x = j l → D(μ) = 2j l + 2 . This spectrum corresponds to [^1_2 (l − 1)] interacting vector superfields (where [. . .] denotes the integer part): U_j , D = 2j l + 2 , j = [ l 2 + 2 ] , . . . , l (4.9) and, for even l, an additional IR-free vector superfield (with D = 1).

21As will be seen below, for the polynomials P (x), Q(x), the correct parameters are the coefficients of P (x) and the roots of Q(x).

22Unlike the singularities discussed in the next subsection, these singularities appear only in the strong coupling region of the Coulomb moduli space and do not have a semi-classical interpretation.

Choosing l = N_c (i.e., the most singular point for a given N_c), one finds a nice agreement with the SW theory: this singularity occurs at a singe point in the moduli space, which is (l − 1)-dimensional, so one expects to find l − 1 different relevant deformations of the IR SCFT. Indeed, the present approach leads to l−1 deformations and all of them are relevant: either vevs or relevant couplings (D(μ) < 0). The SW theory also provides the charges (under the unbroken U(1)^{l−1} gauge group) of the dyons that become massless at the singular point [19]. In the present case one finds that (for an appropriate choice of duality frame) out of the l − 1 gauge fields, [^1_2 (l − 1)] couple to mutually-non-local dyons and, for even l, there is one more gauge field with an electrically-charged hypermultiplet. This is in full agreement with the present results: the interacting superfields U_j are those coupled to mutually-non-local dyons and the free superfield with D = 1 is the one coupled only electrically.

The case l = 2 is special, since it corresponds to a free IR SCFT. Indeed, this singularity indicates in the gauge theory the appearance of a massless dyon. The low energy theory is SQED: a U(1) vector multiplet with an electrically charged hypermultiplet.^{23} There is a single deformation of this theory: a change of the vev of the above vector superfield, giving a mass to the dyon. Because of the electric charge, the U(1) gauge coupling flows to zero in the IR, so the vector superfield is frozen in the IR and, correspondingly, the deformation parameter has D = 1. This is exactly what was found in the worldsheet formulation.

4.4 Singular points in SQCD

We turn to singularities with a non-trivial flavor symmetry (k ≥ 2). The singular point is on the orbifold singularity z^′ = w^′ = 0 and, neglecting sub-leading terms, one obtains H = z + gw + x^l = z^{′k} + gw^{′k} − 2h(z^′w^′)^l (4.10)

(corresponding to P (x) ∼ hx^l). We now distinguish between three situations:

• k < 2l: In this case the last term is sub-leading, so H in eq. (4.10) becomes

H = z^{′k} + gw^{′k} . (4.11)

Note that this is independent of l, therefore, so is the physics at this singularity. The LG_H CFT is a product of two decoupled minimal models (they become coupled by the Z_k orbifold action). In the untwisted sector, the (c, c) ring is spanned by Z_k-invariant polynomials in z^′, w^′ (which is the same as arbitrary polynomials in z, w, x), with identifications modulo ∂_z′ H, ∂_w′ H. A possible choice for a basis is V_j = x^j , j = 0, . . . k − 2 . 23This vector multiplet is related to the UV vector multiplet by a duality transformation [19].

Applying eq. (3.3) to (4.5) and (4.11), one obtains r_Ω = 2/k = r_x, which gives [23], for the spectrum of conformal dimensions (using eq. (4.7)):

r_μ = ( k 2 − j ) r_x → D(μ) = k 2 − j . The twisted sector of a LG orbifold was analyzed in [31]. Applying this analysis to the present case, one finds in each sector one state V^′_i (i = 1, . . . , 2N − 1) with a U(1) charge f_V ′_i = 1 − r_Ω, corresponding to D(μ) = 1. This leads to the identification of [^1_2 (k − 2)] vector superfields (where [. . .] denotes the integer part) U_D , D = 2, 3, . . . , k 2 , k even D = 3 2 , 5 2 , . . . k 2 , k odd

(4.12)

and 2[k/2] vector superfields with D = 1.

• k = 2l: In this case, H in eq. (4.10) is quasi homogeneous and, for g ≠ h, the surface H = 0 has an isolated singularity (the case g = h will be discussed below). As in the previous case, the LG_H CFT is a product of two minimal models, the only difference being that they interact through the last term in H. This difference, however, has no effect on the chiral ring, which is, therefore, the same as for k < 2l.

• k > 2l: In this case, H is not quasi-homogeneous. Naively, at least one of the first two terms is negligible (i.e., has a higher weight), however, neglecting it would lead to a non-isolated singularity (at z^′ = 0 or w^′ = 0). A closer look reveals that the first term is leading in the direction w^′ = 0 and the second, in the direction z^′ = 0, so the precise statement is that this kind of singularity cannot be described by a quasi-homogeneous polynomial and, therefore, does not have a worldsheet description of the form discussed in section 3. Note, however, that it can be realized indirectly, as a deformation of k ≤ 2l singularities

Comparing to field theory. Each of the above singularities appears in SQCD with l ≤ N_c, k ≤ N_f , where k of the quarks have the same mass parameter. Moreover, each such singularity can be found in the semi-classical region of an asymptoticallyfree theory (with N_f < 2N_c and l < N_c), i.e., with mass parameters and vevs much larger then the strong coupling scale. There, using semi-classical considerations, it can be identified as the IR limit of SU(l) gauge theory with k massless quarks, at the origin of the moduli space.

Using this identification, one can demonstrate that the holographic duality considered here is a strong-weak coupling duality, in the sense that there is no situation in which both the gauge theory and the worldsheet CFT are weakly coupled. For k < 2l, the LG_H theory is a product of two decoupled minimal models, so the worldsheet CFT is solvable, but the gauge theory is asymptotically free and strongly coupled in the IR. For k > 2l, the gauge theory is free in the IR but the LG_H CFT is complicated. Finally, for k = 2l the situation depends on the interaction strength of the last term in H (in eq. (4.10)). It is proportional to h/ √ g (as can be seen by rescaling w^′ → w^′/g^{1/k}), so the minimal models are decoupled for h/ √ g → 0 while the gauge theory is free in the opposite limit (as will be described below).

As noted above, the singularity with k < 2l is independent of l. Moreover, for even k it is the same as k = 2l with h → 0. This last relation can be understood also in field theory, considering SQCD with N_f = k < 2l < 2N_c with even k, where the SU(N_c) gauge group is broken to SU(l) at some scale M and further to SU(l^′) (l^′ =^1_2 k) at a lower scale^{24} M^′. This gives the (k, l^′) singularity, with h ∼ ( M^{Nc−l}M^{′l−l′} )_2 . Unbroken SU(l) gauge group (corresponding to the (k, l) singularity) is obtained in the limit M^′ → 0, which indeed implies h → 0.

Therefore, there are two families of singularities, each labeled by l, with k = 2l (l ≥ 1) and k = 2l − 1 (l ≥ 2) respectively.^{25} Choosing N_c = l, the singularity appears at a single point in the moduli space, which is (l − 1)-dimensional, so, as in the SYM case, one expects l − 1 relevant deformations of the IR SCFT, and this is what is found. For even k, these are the vevs of the^1_2 (k − 2) = l − 1 vector superfields in (4.12), while for odd k, these are the [^1_2 (k − 2)] = l − 2 vevs and one relevant coupling (that with D(μ) = 1/2). The distinction between couplings and vevs indicates that, for even k, all the l−1 massless vector superfields are interacting, while for odd k, one becomes free in the IR.

In addition, there are k mass parameters for the quarks in the gauge theory. As explained in subsection 4.1, these can be identified with vevs of the vector superfields in the Cartan subalgebra of the 6D U(k) gauge theory on the coinciding KK monopoles and these vector superfields are frozen in the 4D theory because of the infinite extent of the KK monopoles in two additional (internal) directions. These vector superfields couple to conserved (flavor) currents, so they should correspond to deformations with D(μ) = 1. Strictly speaking, only the k − 1 non-diagonal flavor currents (those in SU(k)) have the above interpretation. The deformations corresponding to these currents are those found above in the twisted sectors.

The diagonal flavor current has a somewhat more complicated nature. If the gauge group was U(N_c) instead of SU(N_c), the diagonal flavor current would couple to the U(1) factor. This is reflected also in the stringy embedding. In fact, the

24To be able to apply semi-classical consideration, as is done above, both scales should be sufficiently large, compared to the scale representing the SU(N_c) gauge coupling.

25The singularity with k = 2l = 2 is the same as the l = 2 singularity in SYM and, as there, it corresponds to SQED (see the end of the previous subsection).

original brane configuration, that with D4 branes, realizes classically a U(N_c) gauge theory, but it was argued in [45] that in this stringy realization, the vector superfield corresponding to the diagonal U(1) factor is frozen by quantum effects. In the configuration with NS5 branes and KK monopoles, the modulus of the U(1) factor in 6D U(k) gauge group corresponds to a collective motion of all the KK monopoles in the x direction, while the corresponding modulus in the 4D U(N_c) gauge group corresponds to such a motion of the NS5 brane. Since the quark masses depend on the relative displacement between the KK monopoles and the NS5 brane, the diagonal flavor current couples to a diagonal subgroup of the above two U(1) factors. For odd k, we did not find a deformation corresponding to this current. This suggests that it decouples from the IR SCFT. For even k, the corresponding deformation is the D = 1 deformation from the untwisted sector. Indeed, the deformation is δW ∼ x^{l−1} ∼ ∂_xW , which is an x-translation, corresponding to a relative motion between the NS5 brane and the KK monopoles.

Additional deformations in the field theory are moduli of the Higgs branch, corresponding to vevs of quark scalar fields. We do not find these in the worldsheet description. Their absence can be understood as follows:^{26} at the singular point, to which the Higgs branch is connected, the quarks are massless. This corresponds, in the geometric formulation, to the singular hypersurface X^6, and in the worldsheet formulation, to a superpotential independent of the Liouville superfield ϕ̂. As explained in subsection 3.1, in this situation the worldsheet formulation suffers from a strong coupling singularity (g_s → ∞ for ϕ → −∞) and to avoid this singularity, one should consider the double scaling limit. In this limit, the mass m of the quarks is kept non-zero, which means that one actually considers a point in the Coulomb branch near the singular one. By taking the limit m → 0, one can obtain information about the theory at the singularity, as was done above, but clearly this limit will miss aspects that appear discontinuously only at the singularity. This is why one does not see the Higgs moduli in this approach.

SU(l) with k = 2l massless quarks. The SU(l) gauge theory with k = 2l massless quarks is a conformally-invariant theory and the (complexified) gauge coupling τ is a modulus of the theory, which can be changed continuously. In particular, for τ → i∞ one obtains a free field theory (at all scales). Therefore, unlike the other non trivial SCFT’s, the one with k = 2l is continuously related to a free theory, and the information implied by this relation can be compared to that obtained from the stringy embedding. This theory has an SL(2, Z) duality, relating different values of τ. The parameter g in (4.2) is an SL(2, Z)-invariant function of τ (see [49, 50] for more details) and is, therefore, the quantity characterizing the strength of the interaction. Vanishing interaction corresponds to g → 0, while for non vanishing g, the theory is an interacting SCFT.

26This explanation was suggested to the author by D. Kutasov.

The origin of the moduli space corresponds to P (x) = x^l in (4.2), so h = 1 in (4.10). For g = 1, W takes the form

W = (z^{′N} − w^{′N} )^2 + uv ,

which has a (non-isolated) Z_2 singularity at z^{′N} = w^{′N} . The corresponding NS5 brane configuration includes two coinciding NS5 branes, which are the T-duals of the above Z_2 singularity. Thus, in this case, the decoupled dynamics includes a six-dimensional sector.

To obtain an isolated singularity we, therefore, assume g ≠ 1. In fact, we would like to consider g ≪ 1, where one can apply semi-classical considerations. Then, the vector superfield A in the adjoint representation defines the following gauge-invariant vector superfields U_j = tr A^j , j = 2, . . . , l

and their dimension is, classically (i.e., for g → 0), D(U_j) = j. The gauge coupling τ is identified as the coefficient of a term trA^2 in the prepotential.

This information from the gauge theory agrees with the results obtained above from the stringy realization. The conformal dimensions found there were independent of the coupling, so should be the same as for g → 0 and, indeed, the correct spectrum is obtained (see eq. (4.12)). The deformations δH = μx^j correspond, for j ≤ l − 1, to a vev μ ∼ tr ⟨ A^{l−j} ⟩ and for j ≥ l, to a term μ tr A^{2+j−l} in the prepotential. In particular, for j = l (corresponding to a term μ tr A^2), μ is a change in the gauge coupling.^{27} This can also be seen directly in the polynomial H (eq. (4.10) with h = 1): the corresponding deformation is δH = μx^l and by rescaling w^′, this can be transformed to a change in g, which indeed represents the gauge coupling.

5. Summary

In this work, type-II string theory in a background of the form

R^{d−1,1} × R_ϕ × U(1)_Y × C (5.1)

was interpreted as a d-dimensional theory. For C = LG_W (a 2D N = 2 Landau- Ginzburg SCFT), this d-dimensional theory was identified in [3] as the description of the decoupled dynamics near an isolated singularity in type-II string theory on

R^{d−1,1} × X^{2n} , (5.2)

where X^{2n} is a hypersurface W = 0 in a flat space C^{n+1} (with d+2n = 10). Here this identification was extended to C = LG_W /Γ (a Landau-Ginzburg orbifold), in which

27Note that such a marginal coupling (with D(μ) = 0) does not appear in the other cases considered above, as expected from field theory.

case, X^{2n} is a hypersurface in an orbifold C^{n+1} /Γ. Furthermore, for d = 4, Γ = Z_k and special choices of the polynomial W , this four-dimensional theory was related to an interacting SCFT appearing in the moduli space of 4D N = 2 SQCD: SU(N_c) gauge theory with fundamental quarks. Properties of the d dimensional theory were identified in the worldsheet formulation (of the string theory on (5.1)) and contrasted, when it was possible, with information from the geometric formulation (of string theory on (5.2); in section 3) and from the gauge theory (in section 4). Here we summarize this analysis.

We start with properties that are independent of the details of C and depend only on C being a 2D CFT with (2, 2) supersymmetry and a spectral flow operator relating the (c, c) and (a, a) rings. For any such C:

• The theory has 2^{d72+1} supercharges; this corresponding to N = 2 supersymmetry in 4 dimensions.

• It has a U(1)_+ × U(1)_− R-symmetry, under which all the supercharges have charges |R_±| = 1; in d = 4, where the R-symmetry group is U(1) × SU(2), R_+ was identified with the U(1) factor and R_−, with a U(1) subgroup of the SU(2) factor; furthermore, in the 4D IR SCFT, R_+ was identified as the U(1) R-charge appearing in the superconformal algebra (SCA).^{28}

• Each operator in the (c, c) ring of C defines a deformation of the theory, parametrized by a continuous parameter μ (which is a coupling of a term in the worldsheet lagrangian) with R_−(μ) = 0, and this deformation preserves the supersymmetry of the theory; in d = 4, these deformations are related to scalars in vector multiplets (which are, indeed, invariant under the SU(2) Rsymmetry): μ is either a vev (modulus) of a bottom component A_b of a vector superfield A; or a coefficient (coupling) of a term in the 4D lagrangian, which is a top component A_t of such a superfield (corresponding to a term μA in the prepotential); this implies (using the SCA), that the conformal dimension of the deformation parameter is^{28} (in both cases) D(μ) = 1 2 R_+(μ) . (5.3)

• The value of R_+(μ) is related to the ϕ-dependence of the corresponding worldsheet vertex operator (see eqs. (3.13) and (3.20)) and, consequently, provides information about the nature of the deformation: for R_+(μ) > 2, this is a modulus and for R_+(μ) < 2, this is a coupling; the coupling is relevant for R_+(μ) > 0, marginal for R_+(μ) = 0 and irrelevant for R_+(μ) < 0; in the IR

28Analogous identifications can be made also for d ≠ 4.

CFT, the same information is provided by the conformal dimension of μ, where couplings are distinguished from moduli by using the representation theory of the SCA (including the “unitarity bound” D(A_b) ≥ 1 for a bottom components of a vector superfields A); using the identification (5.3), these two approaches can be compared and one finds identical distinctions.

• Deformations with R_+(μ) ≠ 2, were shown to appear in pairs; for d = 4 this is a coupling-modulus pairing and this is identified with the pair of deformations that are defined by a given vector superfield.

Some of the evidence for the above identifications was obtained by considering specific cases, as described below. However, it is natural to expect that they have a more general range of validity.

We now turn to properties that are different for different C factors, corresponding to differences between d-dimensional theories (with 2^{d/2+1} supercharges). First, considering C = LG_W /Γ in general (including the case Γ = 1 studied in [3]), the above identifications can be compared with the geometric formulation of the theory, with the following results:

• One is led to the same requirements on the elements of Γ.

• One finds the same amount of supersymmetry: 2^{d/2+1} supercharges.

• The U(1)_+ R-symmetry is identified as a geometric isometry.

• The (c, c) deformations from the untwisted sector are naturally identified as complex structure deformations, induced by changes in the polynomial W ; this identification was shown to be consistent with the multiplicity and the R-charges of the deformation parameters.

• For the above deformations, a distinction between parameters and moduli can be identified also in the geometric formulation [28] and it was shown to agree with the distinction derived from the worldsheet formulation.

• Relevance of the above deformations translates, in the geometric description, to dominance of the change in W at z → 0.

Finally, we considered specific four-dimensional SCFT’s, appearing as IR limits of SQCD, in singular points of its moduli space. They are labeled by (k, l), where k is the number of massless quarks at the singularity and l is the degree of the singularity. We considered three families of these singularities, corresponding to k = 0, 2l − 1, 2l, and chose l = N_c, (corresponding to the most singular point in the moduli space). For these theories, there is independent information, from field-theoretic considerations, and it was compared to the results form the worldsheet analysis:

• The holographic duality was shown to be a strong-weak coupling duality, in the sense that there is no situation in which both the gauge theory and the worldsheet CFT are weakly coupled.

• The effect of all the relevant and marginal (c, c) deformations (in both the untwisted and twisted sectors) was identified in the underlying gauge theory.

• The deformations expected in the gauge theory are N_c − 1 Coulomb moduli, k mass parameters (couplings to the flavor currents) and, for k = 2l, a gauge coupling.^{29} The only deformation that was not identified is the coupling to the U(1) flavor current for k = 2l − 1. Its absence is an indication that this current decouples from the IR SCFT.

• In pure SYM (k = 0), field-theoretic considerations predict the number of interacting superfields (with D > 1), which are those coupled to mutually-non-local charges, and the number superfields (with D = 1) coupled to (non-trivial) mutually local charges. This prediction agrees with the worldsheet results. As to the other families of SCFT’s, the conformal dimensions (4.12) indicate that, for k = 2l, all the N_c − 1 massless vector fields in the Coulomb branch are interacting and, for k = 2l − 1, one of them is free.

• For k = 2l, the SCFT is continuously connected to a free theory by changing the gauge coupling and the conformal dimensions were found to be independent of such a change. They should, therefore, be the same as in the free theory and indeed they were found to be so.

The above detailed agreement between results obtained using different approaches is a strong evidence for the duality proposed in [3] and in the present work. Additional evidence is found in the study of the d = 6 case, in [4, 5]. This duality can now be used to study the decoupled theory on the singularity, using the worldsheet formulation. In particular, one can calculate correlation functions of observables in the theory, as was done in [4, 5]. This will provide information about 4D N = 2 SCFT. It is also of interest to extend this duality further, e.g., to other gauge groups and to theories with less supersymmetry. All this is left for future study.

Acknowledgments

I wish to thank my collaborators in this subject, A. Giveon and D. Kutasov, for helpful discussions and exchange of ideas. I am especially grateful to D. Kutasov, for numerous suggestion and comments. I also benefitted from discussions with S. Kachru. This work is supported in part by DOE grant #DE-FG02-90ER40560

29The moduli of the Higgs branch are not expected, as explained in subsection 4.4.

References

[1] J. Maldacena, The large-N limit of superconformal field theories and supergravity, Adv. Theor. Math. Phys. 2 (1998) 231 [hep-th/9711200].

[2] O. Aharony, S.S. Gubser, J. Maldacena, H. Ooguri and Y. Oz, large-N field theories, string theory and gravity, Phys. Rep. 323 (2000) 183 [hep-th/9905111].

[3] A. Giveon, D. Kutasov and O. Pelc, Holography for non-critical superstrings, J. High Energy Phys. 10 (1999) 035 [hep-th/9907178].

[4] A. Giveon and D. Kutasov, Little string theory in a double scaling limit, J. High Energy Phys. 10 (1999) 034 [hep-th/9909110].

[5] A. Giveon and D. Kutasov, Comments on double scaled little string theory, J. High Energy Phys. 01 (2000) 023 [hep-th/9911039].

[6] D. Kutasov and N. Seiberg, Noncritical superstrings, Phys. Lett. B 251 (1990) 67. [7] D. Kutasov, Some properties of (non)critical strings, Lectures given at the ICTP Spring School String theory and quantum gravity, Trieste 1991, hep-th/9110041.

[8] O. Aharony, M. Berkooz, D. Kutasov and N. Seiberg, Linear dilatons, NS5-branes and holography, J. High Energy Phys. 10 (1998) 004 [hep-th/9808149].

[9] D. Ghoshal and C. Vafa, C = 1 string as the topological theory of the conifold, Nucl.

Phys. B 453 (1995) 121 [hep-th/9506122].

[10] E. Witten, Some comments on string dynamics, contributed to String ’95, Los Angeles 1995, hep-th/9507121.

[11] H. Ooguri and C. Vafa, Two-dimensional black hole and singularities of CY manifolds, Nucl. Phys. B 463 (1996) 55 [hep-th/9511164].

[12] D. Kutasov, Orbifolds and solitons, Phys. Lett. B 383 (1996) 48 [hep-th/9512145]. [13] R. Gregory, J.A. Harvey and G. Moore, Unwinding strings and T-duality of Kaluza- Klein and H-monopoles, Adv. Theor. Math. Phys. 1 (1997) 283 [hep-th/9708086].

[14] E. Kiritsis, C. Kounnas and D. Lust, A large class of new gravitational and axionic backgrounds for four-dimensional superstrings, Int. J. Mod. Phys. A 9 (1994) 1361 [hep-th/9308124].

[15] C.G. Callan Jr., J.A. Harvey and A. Strominger, Supersymmetric string solitons,

hep-th/9112030.

[16] A. Klemm, W. Lerche, P. Mayr, C. Vafa and N. Warner, Self-dual strings and N = 2 supersymmetric field theory, Nucl. Phys. B 477 (1996) 746 [hep-th/9604034].

[17] W. Lerche, Introduction to Seiberg-Witten theory and its stringy origin, Nucl. Phys.

55B (Proc. Suppl.) (1997) 83, Fortsch. Phys. 45 (1997) 293, [hep-th/9611190]; A. Klemm, On the geometry behind N = 2 supersymmetric effective actions in four dimensions, Lectures given at the 1996 Trieste Summer School in High-energy Physics and Cosmology and at the 33rd Karpacz Winter School Duality-strings and fields,

hep-th/9705131;

P. Mayr, Geometric construction of N = 2 gauge theories, Fortsch. Phys. 47 (1999) 39 [hep-th/9807096].

[18] A. Giveon and D. Kutasov, Brane dynamics and gauge theory, Rev. Mod. Phys. 71 (1999) 983 [hep-th/9802067].

[19] N. Seiberg and E. Witten, Electric-magnetic duality, monopole condensation and confinement in N = 2 supersymmetric Yang-Mills theory, Nucl. Phys. B 426 (1994) 19 [hep-th/9407087].

[20] N. Seiberg and E. Witten, Monopoles, duality and chiral symmetry breaking in N = 2 supersymmetric QCD, Nucl. Phys. B 431 (1994) 484 [hep-th/9408099].

[21] P.C. Argyres and M.R. Douglas, New phenomena in SU(3) supersymmetric gauge theory, Nucl. Phys. B 448 (1995) 93 [hep-th/9505062].

[22] P.C. Argyres, M.R. Plesser, N. Seiberg and E. Witten, New N = 2 superconformal field theories in four dimensions, Nucl. Phys. B 461 (1996) 71 [hep-th/9511154].

[23] T. Eguchi, K. Hori, K. Ito and S.-K. Yang, Study of N = 2 superconformal field theories in 4 dimensions, Nucl. Phys. B 471 (1996) 430 [hep-th/9603002].

[24] N. Seiberg, New theories in six dimensions and matrix description of M-theory on T^5 and T^5/Z_2, Phys. Lett. B 408 (1997) 98 [hep-th/9705221].

[25] R. Dijkgraaf, E. Verlinde and H. Verlinde, BPS quantization of the five-brane, Nucl.

Phys. B 486 (1997) 89 [hep-th/9604055].

[26] R. Dijkgraaf, E. Verlinde and H. Verlinde, 5d black holes and matrix strings, Nucl.

Phys. B 506 (1997) 121 [hep-th/9704018].

[27] M. Berkooz, M. Rozali and N. Seiberg, On transverse fivebranes in M(atrix) theory on T^5, Phys. Lett. B 408 (1997) 105 [hep-th/9704089].

[28] S. Gukov, C. Vafa and E. Witten, CFT’s from Calabi-Yau four-folds, hep-th/9906070.

[29] E. Witten, Phases of N = 2 theories in two dimensions, Nucl. Phys. B 403 (1993) 159 [hep-th/9301042]; see also: lectures by E. Witten in Quantum fields and strings: a course for mathematicians, P. Deligne et al. eds., Am. Math. Soc. 1999,

[30] A. Strominger, Massless black holes and conifolds in string theory, Nucl. Phys. B 451 (1995) 96 [hep-th/9504090].

[31] K. Intriligator and C. Vafa, Landau-ginzburg orbifolds, Nucl. Phys. B 339 (1990) 95.

[32] L. Dixon, Some worldsheet properties of superstring compactifications, on orbifolds and otherwise, Lectures given at the ICTP Summer Workshop in High Energy Physics and Cosmology, Trieste 1987.

[33] S.S. Gubser, I.R. Klebanov and A.M. Polyakov, Gauge theory correlators from noncritical string theory, Phys. Lett. B 428 (1998) 105 [hep-th/9802109].

[34] E. Witten, Anti-de Sitter space and holography, Adv. Theor. Math. Phys. 2 (1998) 253 [hep-th/9802150].

[35] V. Balasubramanian, P. Kraus and A. Lawrence, Bulk vs. boundary dynamics in antide Sitter spacetime, Phys. Rev. D 59 (1999) 046003 [hep-th/9805171].

[36] V. Balasubramanian, P. Kraus, A. Lawrence and S.P. Trivedi, Holographic probes of anti-de Sitter space-times, Phys. Rev. D 59 (1999) 104021 [hep-th/9808017].

[37] I.R. Klebanov and E. Witten, AdS/CFT correspondence and symmetry breaking, Nucl.

Phys. B 556 (1999) 89 [hep-th/9905104].

[38] N. Seiberg, Notes on quantum Liouville theory and quantum gravity, Prog. Theor.

Phys. Suppl. 102 (1990) 319.

[39] A.D. Shapere and C. Vafa, BPS structure of Argyres-Douglas superconformal theories,

hep-th/9910182.

[40] V.K. Dobrev and V.B. Petkova, All positive energy unitary irreducible representations of extended conformal supersymmetry, Phys. Lett. B 162 (1985) 127.

[41] N. Itzhaki, J.M. Maldacena, J. Sonnenschein and S. Yankielowicz, Supergravity and the large-N limit of theories with sixteen supercharges, Phys. Rev. D 58 (1998) 046004 [hep-th/9802042].

[42] L. Susskind and E. Witten, The holographic bound in anti-de Sitter space,

hep-th/9805114.

[43] A.W. Peet and J. Polchinski, UV/IR relations in AdS dynamics, Phys. Rev. D 59 (1999) 065011 [hep-th/9809022].

[44] A. Hanany and E. Witten, Type-IIB superstrings, BPS monopoles and threedimensional gauge dynamics, Nucl. Phys. B 492 (1997) 152 [hep-th/9611230].

[45] E. Witten, Solutions of four-dimensional field theories via M-theory, Nucl. Phys. B 500 (1997) 3 [hep-th/9703166].

[46] S. Hawking, Gravitational instantons, Phys. Lett. A 60 (1977) 81.

[47] A. Klemm, W. Lerche, S. Yankielowicz and S. Theisen, Simple singularities and N = 2 supersymmetric Yang-Mills theory, Phys. Lett. B 344 (1995) 169 [hep-th/9411048].

[48] P.C. Argyres and A.E. Faraggi, The vacuum structure and spectrum of N = 2 supersymmetric SU(N) gauge theory, Phys. Rev. Lett. 74 (1995) 3931 [hep-th/9411057].

[49] A. Hanany and Y. Oz, On the quantum moduli space of vacua of N = 2 supersymmetric SU(N_c) gauge theories, Nucl. Phys. B 452 (1995) 283 [hep-th/9505075].

[50] P.C. Argyres, M.R. Plesser and A.D. Shapere, The coulomb phase of N = 2 supersymmetric QCD, Phys. Rev. Lett. 75 (1995) 1699 [hep-th/9505100].

[51] P.S. Aspinwall, Enhanced gauge symmetries and K3 surfaces, Phys. Lett. B 357 (1995) 329 [hep-th/9507012].